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This analysis considers one aspect of the dynamic response of a
rocket motor during the launch phase. It is part of a continuing effort
devoted to the development of analytical tools for the design of gun-
launched rockets. Previous studies (Refs. 1 and 2) of the rocket dynamic
response have concentrated on the response of the steel motor case alone;
i.e. the effects of the propellant have been neglected, corresponding to
an unbonded propellant. The results of the previous studies indicate
rrt
that for breech pressure loadings of the form P sin a , where
< t < ot , the significance of the stress waves, or elastic effects, in
the steel case is essentially dependent upon the ratio of the natural
frequencies of the case to the forcing frequency —
.
For steel motor
cases treated as a one -dimensional bar the lowest natural frequency for
axial motion was found to be considerably higher than the forcing
frequency for typical loading pulses. As a consequence, the case reacts
to the breech pressure as a "slowly" applied force and the stress wave
effects can be neglected when determining the internal axial force in the
case during launch. Hence, the internal axial force in the case can be
computed on the basis of the mass distribution along the rocket and the
rigid body acceleration of the rocket.
The question arises as to whether or not the same situation exists
for the propellant, i.e. is the lowest natural frequency of the propellant
considerably higher than the forcing frequency — ? If so, conventional
*This is not a problem of resonance since < t < q-
. Instead, it has
to do with the "rise" time of the applied load.
static analysis techniques can be used to determine the stress state of
"both the propellant and the motor case. This question is answered here
by determining the natural frequencies of the case -propellant system.
The propellant is assumed to be incompressible and elastic, and three
different propellant -case interface conditions are considered: (l) the
propellant is bonded to the case; (2) the propellant is unbonded, but
restrained from expanding radially; and (3) the propellant is free. The
natural frequencies are determined using the results of an analysis by
Armenakas (Ref . 3) for the natural frequencies of composite (two material)
circular cylinders. A computer program has been written and the lowest
natural frequencies computed for several typical rockets . These
frequencies are compared with the forcing frequency, and the significance of
the dynamic elastic effects in the propellant is assessed.
EQUATIONS OF MOTION













Fig. 1 Motor Case and Propellant
The cylindrical coordinate system r, 9, x is attached to the aft bulk-
head of the case as shown.
Assume that the motor is subjected to an external pressure at the
aft bulkhead. This pressure causes the motor, and hence the coordinate
system, to translate in the direction of the x axis. Denote the motion
of the origin of the coordinate system during launch by U(t)
,
where
t is time. Accordingly, the equilibrium equations of the propellant for
motion symmetric about the x axis can be given in the form
9 (ro- ) Bav
rr' rx
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where ct »" a „» and a are the normal stresses in the r, 9, and x
rr' ee xx '
u>
directions, respectively, a is the shear stress in the r, x, plane,
p is the mass density of the propellant, and u and u are the
displacements in the r and x directions measured with respect to the
moving coordinate system. Identical equations hold for the motor case
with p denoting the mass density of the case.
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The elastic constituitive relations for both the case and the
propellant can be given in the form*







*Propellants are also viscous. The assumption is made here that the loading
rate is sufficiently slow so that the viscous behavior can be neglected.
a = \A + 2ixe (3c)
a = M* (3d)rx K rx
where \ and p, are Lame's constants and A is the dilation given by
A = e + e A + e (3e)rr 09 xx J
For the incompressible propellant material, \ = » and A =
NATURAL FREQUENCIES
As stated in the introduction, the objective of this effort is to
find the lowest natural frequency of both the unbonded propellant and the
bonded propellant -motor case system. These natural frequencies can be
obtained by solving Eqs. (l) - (3) with the term —^ set equal to zero*.
The specific values for the frequencies will depend upon the boundary
conditions of system and its physical and geometrical properties.
Armenakas has considered the problem of the natural frequencies of
bonded composite (two material) circular cylinders in Ref. 3. He assumed
the displacement of both the propellant and the case could be expressed
in the form
u = F(r) cos § x e (ka.)
u
x
= G(r) sin § x e
1^ (kb)
* This term is the "loading" term. It's this term that causes the elastic
stresses and sets the propellant and case in motion relative to the
rigid body motion of the rocket during launch. It does not enter into
the equations when natural frequencies are sought.
where F(r) and G(r) are arbitrary functions of r, £ is the longi-
tudinal wave number and uo is the natural circular frequency. For the
situation considered in this report, take
§ = nn/L (5)
where L is the length of the propellant, and n = 0, 1, 2 . . .oo. This
leads to
u^ = ; u^
according to Eqs.(2-5). The same conditions given by Eq. (6) apply to the
motor case at the bulkheads. Thus, at the fore and aft bulkheads the
propellant can slip along the bulkheads in the radial direction, but is
restrained from moving in the direction normal to the bulkheads. This
assumption on the displacement state is not entirely accurate since an
unbonded propellant can pull away from the bulkhead, i.e. u ^ , and
a bonded propellant would not slip along the bulkhead, i.e. a ^
X .A.
Furthermore, the net force in the axial direction should be zero at each
bulkhead because the case is idealized as being in a free-free condition
at the ends. This condition cannot be imposed. Nevertheless, in spite
of these inadequacies, the analysis by Armenakas will be used because it
provides an estimate of the lowest natural frequency of the propellant
and the propellant -case system.
The natural frequencies of the composite cylinder depend upon the
conditions at the inner and outer surfaces of the propellant and the case.
For the bonded propellant the inner surface of the propellant is stress
free, the propellant is perfectly "bonded to the case at the interface,
and the outer surface of the case is stress free. Hence,
at r = a:a = o~ =0
rr.. rx,



















where a, b, and d are radii indicated in Fig. 1, and the subscripts 1
and 2 refer to the propellant and the case respectively.
For the unbonded propellant two conditions are considered. In the
first, the case is assumed to be rigid and u = a = at r = b .
' ° r, rx
In the second, the case is neglected, and a = a =0atr=b
'
' rrl xi
The analysis by Armenakas leads to an 8 x 8 matrix. The values for
the natural frequency m are obtained by equating the determinant of
this matrix to zero. Each row in the matrix corresponds to one of the
conditions of Eqs. (7). The coefficients of the matrix, which are
complicated functions of Bessel functions, are given in Appendix A. The
natural frequency is contained in the arguments of the Bessel functions.
For a detailed presentation of the analysis refer to Ref. 3. For the
unbonded propellant, the 8x8 matrix for the two material cylinder
reduces to a h x k matrix for the one material cylinder (propellant) that
is a special form of Armenakas' 8x8 matrix. The elements of the k x h
matrix for both the restrained propellant and the free propellant are
also given in Appendix A.
A digital computer program was written to compute the determinant
of the 8x8 matrix and the two h x h matrices for an assumed value of
ou . The assumed value of cu was started at 300 rad/sec and incremented
"by 20 rad/sec in a Do loop. The lowest natural frequency was obtained by
observing when the determinant first changed sign. The value for the
natural frequency was refined by using a linear approximation between the
adjacent + and - determinants to obtain the point when the determinant




The following properties and dimensions were assumed for the three
inch rocket:
L = 9-5 in.
a = 0.50 in.
b = 1.1+2 in.
d = 1.50 in.
Case




E = 29 x 10 psi, v = 0.32
\ = 19.5 x 10 psi
I
p, = 11.0 x 10 psi J
Propellant
p = 1.55 x io'
h i^-
in.
X^oopsi "} E = 900, 1500, 2100 psi
Ij,
= 300, 500, 700 psij v ~ 0.5
where E is Young's modulus and v is Poisson's ratio^.
•^A study of the effect of Poisson's ratio upon the natural frequencies
revealed that no difficulties were encountered as v - 0.5 . This is not
the case in an elastic analysis. There, as v — 0.5 numerical problems
enter in and a solution with v = 0.5 is not possible. This feature does
not occur with the natural frequency analysis. Thus, it was possible to
examine an incompressible propellant since there was very little change in
the lowest natural frequency for the range 0.J+5 < v < 0. 50.
9
The lowest natural frequency of the three inch motor is given in
Table I for the three interface conditions with E (propellant) =
900, 1500 and 2100 psi.
For comparison purposes, the lowest natural frequency of each
TT / E
P
material, treated as a one -dimensional bar, is — J — . Thus,
au n .
= 6.5^ x 10 rad/sec (10,220 Hz)low, bar, case ' \ » /
to- = 800, 1030, 1220 rad/sec (127, l6U, I9U Hz)low, bar, prop ' ' ' ' ' '
The three values of ou for the propellant correspond to the three values
assumed for E
Five Inch Rocket
The following dimensions were assumed for the five inch rocket.
L = 20.0 in.
a = 0.5 in.
b = 2.32 in.
d = 2.5 in.
The properties of the propellant and case materials are the same as in the
three inch rocket.
The lowest natural frequency of the five inch motor is given in
Table II for the three interface conditions with E (propellant) =
900, 1500 and 2100 psi.
The lowest natural frequency of each material, treated as a one-
dimensional bar, is
-low, bar, case = 3 ' 10 X ^ rad/SeC (U ' 9k° Hz)
-low, bar, prop
= 38°' k9°> 58° rad/sec (60.5, 78.0, 92. It Hz)
10
Note that for "both rockets the approximate natural frequency obtained
by treating the propellant as a one -dimensional bar is very close to the
natural frequency from the unbonded, no case two-dimensional analysis.
This is due to the long, thin shape of the rocket.
11
DISCUSSION AND CONCLUSIONS
The object of this effort was to determine the lowest natural
frequency of the propellant and to compare it with the lowest forcing
frequency — . Examining the results given in Tables I and II reveals
that the lowest natural frequency for the unbonded propellant in a rigid
case is in the neighborhood of 238 - 362 Hz for the three inch rocket and
167 - 25*+ Hz for the five inch rocket. The lowest forcing frequency is
mp = 262 rad/sec (Ref . l) or «* k2 Hz for the three inch rocket and
**
/ = 121 rad/sec (Ref. 2) or sa 19 Hz for the five inch rocket. Thus,
the frequency ratio is w 8 . The frequency ratio for the case is
10,220/1+2 = 2U0 and U,9U0/19 = 260 for the three and five inch rockets
respectively. The dynamic response results presented in Ref. 1 showed
that the dynamic effects due to the lowest forcing frequency were
negligible in the steel case due to the frequency ratio of 2^0. However,
when the frequency ratio was lowered to j6 by reducing E by a factor of
10, the dynamic effects became noticeable. Thus, it appears that the low
frequency ratio of 8 for the propellant will lead to significant dynamic
effects. Furthermore, the higher harmonics in the forcing function will
cause additional dynamic effects. The significance of these effects
depends upon the magnitude of the higher harmonics. A very sharp-fronted
pressure pulse will cause very large dynamic effects in the propellant.
This is demonstrated in Ref. 2 where a complex pressure pulse is
considered. Reducing the frequency ratio from 255 to 51 caused dynamic
stresses nearly twice those due to mass inertia alone.
Bonding the propellant to the case stiffens the propellant and raises
the frequency ratio, thus reducing the dynamic effects somewhat, but not
enough to eliminate the problem.
12






























Lowest Natural Frequency for the Three Inch Rocket






























Lowest Natural Frequency for the Five Inch Rocket
13
REFERENCES
1. Ball, R. E. and Salinas, David, "Analysis of a Three Inch Gun Launched
Finned Motor Case," Naval Postgraduate School, NPS-57Bp72011A,
January 1972.
2. Salinas, David and Ball, R. E., "Transient Axial Response of a Gun
Launched Rocket Motor Case During Launch," Naval Postgraduate School,
NPS-57Zc73011A, January 29, 1973.
3. Armenakas , A. E. , "Propagation of Harmonic Waves in Composite Circular
Cylindrical Shells. I: Theoretical Investigation," AIAA Journal,
Vol. 5, No. k, April 1967, pp. 7^0-7^.
Ik
APPENDIX A—COEFFICIENTS OF THE MATRIX
For axisymmetric motion, the natural frequencies of the two
material motor are obtained when the determinant of an 8x8 matrix is

































































































































= 2(d? )[(dP2 )Z (dP2 ) - Z1 (dp2 )]
C
U,10
= 2 ( d§)C K22
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2 *i+2^i* 2 Hl
l,i " P ± ' 2,1
"
Pi
The subscript i denotes the propellant (i = l) and the case (i = 2)
Z and W denote a Bessel function J, Y, I or K according to the
n n ' '
following scheme:
Z W Z W
n n n n
cd > Z , . J (o.r) Y (a.r) J (p.r) Y (p.r)
-^ b l,i n v l ' n v i ' n VH i y n XK i '
I < ou < I I (a.r) K (a.r) J (p.r) Y (jT.r)bv^ . sv, . n v i n l mi n Nf i
2,1 l,i
cii < ?v_ . I (a.r) K (a.r) I (p.r) K (p.r)^ b 2,i n v l n x i ' n VK i ' n vt i '
K, , = -1 if au < £v.
.
K = 1 if w > §v . .
_ 2
*Note that when \ -» oo , v . -» « and a. — - | | . Thus, there appear±,i l
to "be no difficulties with an incompressible material. This was verified
computationally by letting v -» 0.5 and comparing the lowest natural
frequency computed for each value of v
19
The first two rows (1 and 2) in the 8x8 matrix are the stress
free boundary conditions on the propellant at its inner surface. The
next two rows (3 and k) are the stress free boundary conditions on the
case at its outer surface. The last four rows are the continuity
conditions on <j (5)> a (6), u (7) and u (8) respectively. For
x x J. vC xx x X
the natural frequencies of the unbonded propellant in a rigid case , the
8x8 reduces to a h x h by considering only rows 1, 2, 6, and 7, of












°91 C92 °93 V
C10,l C10,2 c10,3
C10,U
is the governing matrix. For the unbonded propellant with no case, rows
1, 2, 5, and 6, are retained, i.e. a = a - at r=b . Thus,
c
ll °12 °13 Cl^
°31 °32 C33 °3U
C
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